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E-mail address: liucs@ntu.edu.twIn this paper we develop a generalized Hamiltonian formulation of a perfectly elastoplastic model, which 
is a typical dissipative system. On the cotangent bundle of the yield manifold, a Lie–Poisson bracket is 
used to construct the differential equations system. The stress trajectory is a coadjoint orbit on the Pois- 
son manifold under a coadjoint action by the Lie-group SOðnÞ. The plastic differential equation is an afﬁne
non-linear system, of which a ﬁnite-dimensional Lie algebra can be constructed, and the superposition 
principle is available for this system. According ly, we can construct numer ical schemes to automat ically 
preserve the yield-surface for perfect plasticity, for isotropic hardening material, as well as for an aniso- 
tropic elastic–plastic model. Then, we describe an anisotropic elastic–plastic material model without 
entering the work-hardening range and deforming under a speciﬁed dissipation rate, which can be 
achieved through a stress-dependent feedback control law of strain rate.
 2013 Elsevier Ltd. All rights reserved.1. Introduction 
The study of plastic behavior of solid materials and structural 
members under complicated mechanical loading environm ent is 
a very important issue for engineering science and industrial prac- 
tice. In this study a substanti al role has been the constitutive laws 
of elastoplasticity, to which many theoretical and experimental 
contributions have been made.
In general, the constitutive model of plasticity is speciﬁed sep- 
arately into several ingredients and written in the form of rate 
equations. The usual approach es require numerica lly integrating 
the rate equation s over a discrete sequence of steps. Because of 
the interwoven and non-linear nature of the model ingredients,
the difﬁculty of exact integrati on involves. Due to its great con- 
sumption of computational time, the efﬁciency and accuracy of 
solutions of structural and mechanical problems were strongly 
determined by the efﬁciency and accuracy of the constitutive- 
equation solving schemes. Hence, it needs to compose all the 
ingredients together and derives a global theory of plasticity,
which not only directly gives a local response of material in the 
time domain once an input is prescribed, but also facilitates us to 
handle the model behavior from a global view. To achieve this pur- 
pose several requiremen ts need to be satisﬁed. The ﬁrst is integrat- ll rights reserved.ing the rate-type equations, which consist of separated but 
interwoven ingredients , speciﬁed on a high-dimens ional space 
such as the states in the stress space and the paths in the plastic 
strain space and their product space. The second is solving the irre- 
versibility parameters, such as the equivalent plastic strain, dissi- 
pation, and so on, and in general there exist complicated 
monoton ic mappings between these paramete rs. The third as to 
be strongly emphasized here is studying the internal symmetr y
propertie s of the material model.
The differential form of plasticity laws has been discussed for a
long time. The invariant yield condition in stress space renders a
natural mathematical framework of plasticity theory from the view 
of different iable manifold and its Lie group transformation . In the 
plasticity theory, Hong and Liu (2000) were the ﬁrst to make an ef- 
fort to study the internal symmetry group and the underlying 
spacetime structure for perfect elastoplas ticity. The Lie group the- 
ory provides a universal tool for tackling a considerabl e number of 
different ial equations when other means fail. Indeed, the group 
analyses may augment intuition in understa nding and in using 
the symmetry for the formulation of physical models, and often 
disclose some possible approaches to solving complex problems .
Group theory as a mathemati cal tool to study the symmetry has 
an abundan ce of applications from various ﬁelds. Numerous prob- 
lems in engineeri ng sciences possess certain symmetr y properties.
If we can recognize them, a mathematical treatment adjusted to 
the symmetry properties may lead to a considerable simpliﬁcation.
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elastoplasti c models equipped with the von-Mises yield criterion 
have been develope d by Hong and Liu (1999a, 2000), Liu (2001,
2003a, 2004a,b,c), Liu and Hong (2001), and Mukherje e and Liu 
(2003). Then, Liu (2004d) and Liu and Chang (2004, 2005) have ex- 
tended these studies to the Drucker–Prager model, quadratic yield- 
ing model and convex plastic model. Liu (2005, 2006) has explored 
the action of the Poincaré group for the kinematic hardening mod- 
els. These authors explored the internal symmetry groups of the 
constitutive models of perfect elastoplasticity with or without con- 
sidering large deformat ion, visco-elas toplasticity, isotropic work- 
hardening elastoplasticity, mixed-hardening elastoplasticity, the 
Drucker–Prager plasticity, the models with yield functions qua- 
dratic or convex, as well as the general kinematic- hardening mod- 
els, to ensure that the consisten cy condition is exactly satisﬁed at 
each time step once the computational schemes can take these 
symmetries into account. Along this line, some researchers are fur- 
ther developed the so-called exact integrati on schemes or the 
exponential -based integrati on schemes for more complex material 
models (Artioli et al., 2006; Cheviakov et al., 2013; Kossa and Szabo,
2009, 2010; Liu and Li, 2005; Rezaiee-Pajand and Nasirai, 2008;
Rezaiee-Paj and et al., 2010; Rezaiee-Pajand and Shariﬁan, 2012;
Szabo and Kossa, 2012; Wallin and Ristinmaa, 2008 ). Besides its 
use in the numerical computation of material plasticity model,
the Lie-symmetry is also used as a predictive method to construct 
many material models under the guidance of a thermod ynamic 
frame of relaxation (Ganghoffer et al., 2010; Magnent et al., 2005,
2007, 2009 ).
Lie groups have played a decisive role in our understanding of 
the geometry of differential equation s. The concept of Lie groups,
within their wider terminology and machinery of differential 
geometry, is very helpful in devising superior numerical methods 
to discretize the ordinary different ial equations (ODEs) to retain 
the invariant property. By sharing the geometric structure and 
invariance with the original ODEs, the new methods are thought 
to be more accurate, more stable and more effective than the con- 
ventional numerical methods. In this paper we will develop a more 
simple Lie-group algorithm for the computation of plasticity from 
the Hamiltonian framework. The classical Hamiltonian mechanics 
is endowed with an even-dimen sional phase space. In practice,
there are many mechanical systems whose phase spaces are not 
canonical. That is, the phase manifold does not admit a cotangent 
bundle structure on it, but still has a Poisson bracket equipped 
with the properties of skew-symmetr y, bilinearity, the Leibniz 
identity and the Jacobi identity. The most famous example is the 
Euler equation which is the governing equation of the motion of ri- 
gid body.
In addition to the work of Liu (2007) for a ﬁnite strain perfectly 
plastic equation, there is rare study about the generaliz ed Hamilto- 
nian structure and the Lie–Poisson bracket formulat ion of the con- 
stitutive models of plasticity. In order to develop the Lie–Poisson
theory and use this framework to develop a highly efﬁcient algo- 
rithm to automatically preserve the yield-surface, let us brieﬂy
sketch the following preliminaries for the Lie–Poisson formulation.
2. The Lie–Poisson formulation 
Suppose that P is a manifold. If there is a bracket f; g deﬁned
on the function space CðPÞ, which possesses the following 
properties:
Skew symmetry : fF;Gg ¼ fG; Fg; ð1Þ
Bilinearity : fkF þ lG;Hg ¼ kfF;Hg þ lfG;Hg; k;l 2 R; ð2Þ
Jacobi identity : fF; fG;Hgg þ fG; fH; Fgg þ fH; fF;Ggg ¼ 0; ð3Þ
Leibniz identity : fFG;Hg ¼ FfG;Hg þ fF;HgG; ð4Þthen ðP; f; gÞ is a Poisson manifold (Marsden and Ratiu, 1994 ). If 
an observabl e function F : P# R of a dynamical system can be gov- 
erned by a general ized Hamiltonian function H throug h_F ¼ fF;Hg; ð5Þ
then ðP; f; g;HÞ is called a general ized Hamiltoni an system.
Througho ut this paper a superimpos ed dot denotes the time 
derivativ e.
Suppose that H : P# R is a smooth function on P. The general- 
ized Hamiltonian vector ﬁeld XH associated with H is a unique 
smooth vector ﬁeld on P, which for every smooth function 
F : P# R satisﬁesXHðFÞ ¼ fF;Hg: ð6Þ
Instead of the non-degene racy of the classical Poisson bracket , the 
bracket deﬁned on the non-can onical Poisson manifold is permitted 
to be degenerat e. See Appendix A for a further explanation of the 
Lie–Poisson bracket.
The Lie–Poisson system is naturally formulated in the dual 
space G of a Lie algebra G. The solutions of the system are coad- 
joint orbits of a certain Lie group, constrained on the non-linea r
submani folds of G, known as the symplectic foliations. In the past 
several decades, the applicati ons to dissipative systems that ﬁt the 
Lie–Poisson formalism are numermous , for example, Bloch et al.
(1996) and Pelino and Pasini (2001). Also, for its important appli- 
cations in the real physical systems there were some numerica l
integrator s developed to preserve the Lie–Poisson structure; see,
for example, Austin et al. (1993), Channell and Scovel (1991),
EngØ and Faltinsen (2001), Ge and Marsden (1988), Li and Qin 
(1995) and McLachla n (1993).3. Model speciﬁcation 
From now on we study the plastic equation for the perfectly 
plastic material model, which is expressed in the deviatoric stress 
space by Hong and Liu (1997)_e ¼ _ee þ _ep; ð7Þ
_s ¼ 2G _ee; ð8Þ
_ks ¼ 2sy _ep; ð9Þ
ksk 6
ﬃﬃﬃ
2
p
sy; ð10Þ
_kP 0; ð11Þ
ksk _k ¼
ﬃﬃﬃ
2
p
sy _k; ð12Þ
where the two material constants, namely the shear modulus G and
the shear yield strength sy, are determine d experime ntally and both 
are assumed to be positive. The bold-fac ed symbols _e; _ee; _ep and s
stand for the deviatoric parts of strain rate, elastic strain rate, plastic 
strain rate, and the Cauchy stress, respective ly, all being symmetric 
and traceless tensors, whereas k is a scalar, called the equivalent 
shear plastic strain. The isotrop ic hardening model and the aniso- 
tropic elastic –plastic model will be described in Sections 7, 8 and
10.
In this paper we analyze the constitutive model of plasticity 
from a different point of view and attempt to achieve a deeper 
understa nding of its underlying structure s of Lie algebra propertie s
and the Lie group symmetries. To this end we need an appropriate 
setting to make the representat ion clearer yet simpler, and, there- 
fore, we formulat e the constitutive model directly in a vector form 
by introducing the stress vector:
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a1s11 þ a2s22
a3s11 þ a4s22
s23
s13
s12
2
6666664
3
7777775
; ð13Þ
where
a1 :¼ sin hþ p3
 
; a2 :¼ sin h; a3 :¼ cos hþ p3
 
; a4 :¼ cos h;
with h being any real number, and the strain vector:
q :¼
a1e11 þ a2e22
a3e11 þ a4e22
e23
e13
e12
2
6666664
3
7777775
: ð14Þ
As shown by Liu (2003a), upon using 
ksk2 ¼ 2kQk2; s  _e ¼ 2Q  _q; ke ¼ 2G; Q 0 ¼ sy; ð15Þ
the model equations in Eqs. (7)–(12) can be transformed into the 
following constitut ive model (Hong and Liu, 2000 ):
_q ¼ _qe þ _qp; ð16Þ
_Q ¼ ke _qe; ð17Þ
Q _q0 ¼ Q0 _qp; ð18Þ
kQk 6 Q 0; ð19Þ
_q0 P 0; ð20Þ
kQk _q0 ¼ Q0 _q0: ð21Þ
We use n to denote the dimension of stress space and strain space.
Here, Q and _q are one pair of dual vectors in n-dimensi onal Euclid- 
ean space En; Q ¼ ðQ1; . . . ;QnÞT denotes the general ized stress vec- 
tor and _q ¼ ð _q1; . . . ; _qnÞT denotes the generalized strain rate vector.
Througho ut this paper a superscript T denotes the transpos e, and 
kQk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q TQ
q
¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQ  Qp denotes the Euclidean norm of Q . The 
above constitut ive model is re-postulat ed from the celebrated Pra- 
ndtl–Reuss equation formula ted by Prandtl (1924) and Reuss 
(1930), which is well known as the simplest three-dim ensional con- 
stitutive law for descri bing a class of linearly elastic- perfectly plas- 
tic materials . After developing a suitable algorithm to preserve the 
Lie–Poisson structure, we will extend the presen t Lie-group algo- 
rithm to other models in Sections 7, 8 and 10.
Using the on–off switching criteria, we can synthesize and con- 
vert the ﬂow model (16)–(21) to a two-phase system:
_Q þ ke _q0
Q 0
Q ¼ ke _q; ð22Þ
where _q0 is subjected to 
_q0 ¼ 1Q 0
Q T _q > 0 if kQk ¼ Q 0 and Q T _q > 0; ð23Þ
_q0 ¼ 0 if kQk < Q 0 or Q T _q 6 0: ð24Þ
In Eq. (22) the thermodynam ic irreversible process demand s
_q0 P 0; in contrast, the proces s with _q0 < 0 is not allowed.
Inserting _q0 ¼ 0 into Eq. (22) results in a very simple elastic 
equation _Q ¼ ke _q. Therefore, we do not discuss it furthermore ;
conversely, the plastic equation is more subtle with a rich internal property , and in this paper we are attempting to disclose its inter- 
nal symmetry to search a different representat ion of the plastic 
equation from that of Hong and Liu (2000). They have found the 
Lorentz-group symmetry of the above ﬂow model. The following 
two representat ions, respectivel y in the Q -space, and in the X-
space, have been illustrate d by Hong and Liu (2000).
3.1. Nonlinear representatio n in the Q -space
Using Eq. (23) to eliminate _q0 from Eq. (22) results in a non- 
linear system of n equation s:
_Q ¼  ke
Q 20
Q T _qQ þ ke _q; ð25Þ
which is a non-linea r represe ntation in the n-dimension al space of 
Q .
3.2. Linear representation in the X-space
In the ðQ ; q0Þ-space, the system of nþ 1 equations, Eqs. (22) and 
(23), is non-linear. However, we may arrange the solution process 
simpler by making the problem linear in an augment ed space.
Upon consideri ng the integrating factor 
X0 :¼ exp keq0
Q 0
 
; ð26Þ
Eq. (22) can be rearrange d to 
d
dt 
ðX0Q Þ ¼ keX0 _q: ð27Þ
Organi zing Eqs. (27), (26) and (23) together, we have a linear differ- 
ential equation s system for the augmen ted stress:
_X ¼ AX ð28Þ
with
A :¼ ke
Q0
0nn _q
_qT 0
 
; ð29Þ
where
X ¼ X
0
Q 0
Q
Q0
 
ð30Þ
is the augmented stress vector, satisfying 
kQk ¼ Q 0 () XTgX ¼ 0 ð31Þ
with
g ¼ In 0n1
01n 1
 
ð32Þ
being the metric tensor of the Minkow ski space Mnþ1. In is the iden- 
tity tensor of order n.
The linearity in Eq. (28) does not necessarily hold for other more 
complex elastoplastic models. Besides the elastic-perfe ctly plastic 
von-Mise s model treated here and the von-Mises model with a lin- 
ear kinematic hardening as treated by Hong and Liu (1999b), usu- 
ally, the resultant different ial equations system in the augment ed 
stress space is quasilinear (Liu, 2003a ), of which the coefﬁcient ma- 
trix A also depends on X.4. The Lie algebra of plastic equation 
In order to derive a Lie algebra structure of the plastic Eq. (25),
we write it with the following componential form:
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Q iQ j
Q20
" #
_qj; ð33Þ
where dij is the Kronecker delta symbol. In this paper the Einstein 
summati on convention is adopted for the repeated indices. This 
equation can be viewed as an afﬁne non-linea r system with _qj as in- 
put and Qj as output, which means that the above equation is linear 
in _qj but non-linea r in Qj.
For the non-linear dynamical system:
dxlðtÞ
dt
¼ glðx1; . . . ; xn; tÞ; 1 6 l 6 n; ð34Þ
if the general solution xðtÞ ¼ ðx1ðtÞ; . . . ; xnðtÞÞT can be expressed as a
function of m particula r solution s x1ðtÞ; . . . ; xmðtÞ and n integration
constants c1; . . . ; cn:
xðtÞ ¼ Fðx1; . . . ; xm; c1; . . . ; cnÞ; ð35Þ
then Eq. (34) is said to admit a superpositi on principle ; see, e.g.
Hong and Liu (1997).
Lie has proved that Eq. (34) permits a superposition principle iff 
it can be written as 
dx
dt
¼
Xs
i¼1
ZiðtÞniðxÞ; ð36Þ
and its vector ﬁelds
Yi ¼ nli ðxÞ
@
@xl
; i ¼ 1; . . . ; s; ð37Þ
constitut e a ﬁnite-dimensional Lie algebra , whose dimension r sat-
isﬁes s 6 r 6 mn. The theorem stated below is proved in Appendix 
B.
Theorem 1. The plastic Eq. (25) admits a superposi tion principle.
The Lie algebra consists of gj in Eq. (B1) is indeed the algebra of 
soðn;1Þ of the nþ 1-dimension al proper orthochrono us Lorentz 
group SOoðn;1Þ. In an extension to the large deformation model 
as observed by Hong and Liu (1999a), the vector ﬁelds generated 
from a spin term may appear. Hong and Liu (1997) have derived 
the superposition formula for Eq. (25), which was based on the lin- 
ear differential Eq. (28). Here, we are proved the superposition 
principle by using the Lie theory.
5. The Lie–Poisson bracket formulat ion of plastic equation 
Upon deﬁning the Poisson tensor J to be 
J ¼ _qQ T  Q _qT; ð38Þ
Eq. (25) can be written as 
_Q ¼ J$H; ð39Þ
where
H ¼ kekQk
2
2Q 20
ð40Þ
is a general ized Hamilto nian function. The theorem stated below is 
a main result of this paper and is very important, whose proof is gi- 
ven in Appendix C.Table 1
Comparisons of three representations of plastic equat ion (Dim. is Dimension).
Equation (s) Space Metric Dim. Yieldin
(25) En In n Yield s
(28) Mnþ1 g nþ 1 Cone 
(39) G J n CoadjoTheorem 2. The plastic Eq. (39) is a Lie–Poisson bracket system. The 
solutions of Eq. (39) are the coadjoint orbits being acted by the Lie 
group SO ðnÞ, constrained on the yield manifold of G, known as a
symplecti c foliation with the generalized Hamiltonian function H
being constant on it .
Given an initial point Q ðtiÞ on the yield manifold, a solution to 
the plastic Eq. (39) stays on the same coadjoint orbit OQ ðtiÞ for all 
time until unloading happens. Along the coadjoint orbit the gener- 
alized Hamiltonian function H deﬁned by Eq. (40) is a constant.
Up to here we have investiga ted the plastic behavior from sev- 
eral theoretical aspects, explored three types of representat ions of 
the perfectly plastic equation . The three representation s are com- 
pared in Table 1 by displaying the underlyin g space, metric (struc-
ture) tensor, dimension, yielding, linearity, Lie-algebra and Lie- 
group. Each has its philosop hy as being a different aspect of the 
same material model of perfect plasticity.
In the next three sections we will explore the above theoretical 
results directly in terms of the non-linear ODEs in Eq. (39), and 
more importantl y we can develop the corresponding numerica l
algorithms based on the Lie-group SOðnÞ to the perfectly plastic 
model and its extension to other models.
6. Numerical integrati on based on the symmetry group SOðnÞ
6.1. The Lie-group SO ðnÞ
Eq. (25) can be expressed as 
_Q ¼ Q
Q0
;
Q
Q 0
; ke _q
 
; ð41Þ
which is a special case of the Jordan dynamic s develop ed by Liu
(2000a):
_x ¼ ½y; z;u :¼ y  zu u  zy: ð42Þ
The triplet y; z and u are functions of x and t.
We have proven that the plastic equation admits a Lie-algeb ra 
soðnÞ in the previous section. Indeed, from Eq. (41) we can directly 
write
_n ¼ ½f  n n fn; ð43Þ
where
n :¼ Q
Q 0
; f ¼ ke
Q0
_q; ð44Þ
and f  n denotes the dyadic operation of f and n, i.e.,
ðf  nÞz ¼ ðn  zÞf. Because the coefﬁcient matrix in Eq. (43) is
skew-sy mmetric, the Lie-group generated from the above dynami- 
cal system is SOðnÞ.
6.2. The derivation of Lie-group SO ðnÞ
For the purpose of a numerical computation we can approxi- 
mate the speciﬁed strain path by a rectilinear strain path with a
constant value of _q in a small time interval, and all the variables 
are assumed to be known at the previous time step. So we need 
a numerical process to update the variables from this time step 
to the next time step. In order to develop a numerical scheme from g Linearity Lie-algebra Lie-group 
urface Non-linear – –
Linear soðn;1Þ SOoðn;1Þ
int orbit Non-linear Mi ; i ¼ 1; . . . ;n SO ðnÞ
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let
a ¼ f; b ¼ n ð45Þ
be two constant vectors, which can be obtained by taking the values 
of f and n at a suitable mid-point of t 2 ½t0 ¼ 0; t, where 
t 6 t0 þ Dt;Dt is a small time stepsize and the value of n at
t ¼ t0 ¼ 0 denoted by n0 is supposed to be already known from 
the previous time step. Thus we have 
_n ¼ b  na a  nb: ð46Þ
Let
z ¼ a  n; w ¼ b  n ð47Þ
and Eq. (46) becom es 
_n ¼ wa zb: ð48Þ
At the same time we can derive the following ODEs for z and w:
d
dt 
z
w
 
¼ a  b kak
2
kbk2 a  b
 !
z
w
 
: ð49Þ
Through some operation s we can derive the following transit ion 
matrix for z and w:
zðtÞ
wðtÞ
 
¼ cosðxtÞ
ab
x ðsinxtÞ kak
2
x sinðxtÞ
kbk2x sinðxtÞ cosðxtÞþ abx sinðxtÞ
0
@
1
A z0
w0
 
;
ð50Þ
where
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kak2kbk2  ða  bÞ2
q
ð51Þ
and z0 and w0 are the initial values of z and w at an initial time 
t ¼ t0 ¼ 0. Inserting Eq. (50) into Eq. (48), using 
z0 ¼ a  n0; w0 ¼ b  n0, and integrating the resultan t equation we 
can derive 
nðtÞ ¼ ½In þ a21aaT þ a22abT  a11baT  a12bbTn0; ð52Þ
where n0 is the initial value of n at an initial time t ¼ t0 ¼ 0, and 
a11 ¼ 1x sinðxtÞ þ
a  b
x2
½cosðxtÞ  1;
a12 ¼ kak
2
x2
½1 cosðxtÞ; a21 ¼ kbk
2
x2
½cosðxtÞ  1;
a22 ¼ 1x sinðxtÞ þ
a  b
x2
½1 cosðxtÞ: ð53Þ
Let RðtÞ be the coefﬁcient matrix in Eq. (52), it is easy to check that 
RTðtÞRðtÞ ¼ In; ð54Þ
which means that RðtÞ is a single-p arameter Lie-group element of 
SOðnÞ.
6.3. Yield surface preserving scheme 
Now we need a numerical process to update the stress from this 
time step t0 to the next time step t1. As being the simplest scheme 
we can take t ¼ t0 ¼ 0, and thus 
a ¼ ke _q0
Q0
; b ¼ n0:
If we use the implicit scheme we can take t ¼ t0 þ hDt with
0 6 h 6 1 and other variables are also deﬁned at the mid-point,
which however requires an iteration to solve the updated stress Q .Then inserting the above a and b into Eqs. (51)–(53) and
through some elementary operations, we can derive the following 
Lie-group SOðnÞ scheme to solve Eq. (39) in the plastic state:
bk ¼ kek
_qkk
Q 0
;
ck ¼ keQ k 
_qk
Q 20
;
xk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2k  c2k
q
;
Q kþ1 ¼ cosðxkDtÞ 
ck sinðxkDtÞ
xk
 
Q k þ
ke sinðxkDtÞ
xk
_qk: ð55Þ
Next we give a proof that the above scheme preserves the yield sur- 
face. By taking the square norms of both the sides of the last equa- 
tion in Eq. (55) we have 
kQ kþ1k2 ¼ cosðxkDtÞ 
ck sinðxkDtÞ
xk
 2
kQ kk2
þ 2 cos ðxkDtÞ  ck sinðxkDtÞxk
 
ke sinðxkDtÞ
xk
Q k  _qk
þ k
2
e sin
2ðxkDtÞ
x2k
k _qkk2: ð56Þ
Insertin g
k _qkk2 ¼ b
2
kQ
2
0
k2e
; Q k  _qk ¼
ckQ
2
0
ke
into Eq. (56) leads to 
kQ kþ1k2 ¼ cos2ðxkDtÞ  2 cos ðxkDtÞ sinðxkDtÞ
ck
xk
þ c
2
k sin
2ðxkDtÞ
x2k
" #
kQ kk2
þ 2 cos ðxkDtÞ  ck sinðxkDtÞxk
 
ck sinðxkDtÞQ 20
xk
þ b
2
k sin
2ðxkDtÞQ20
x2k
:
ð57Þ
Because of kQ kk2 ¼ Q20, we can obtain 
kQ kþ1k2 ¼ cos2ðxkDtÞ  2 cos ðxkDtÞ sinðxkDtÞ
ck
xk

þ c
2
k sin
2ðxkDtÞ
x2k
þ 2 cos ðxkDtÞ ck sinðxkDtÞxk
2c
2
k sin
2ðxkDtÞ
x2k
þ b
2
k sin
2ðxkDtÞ
x2k
#
Q 20
¼ cos2ðxkDtÞ þ b
2
k  c2k
x2k
sin2ðxkDtÞ
" #
Q 20
¼ ½cos2ðxkDtÞ þ sin2ðxkDtÞQ 20 ¼ Q 20; ð58Þ
where we have used b2k  c2k ¼ x2k . This ends the proof.
7. Yield surface preserving scheme for isotropic hardenin g
material model 
Instead of the constant value of Q0 in the above perfectly plastic 
model, we can take the isotropic hardening effect into account,
where Q0ðq0Þ is now a function of q0. Then we can derive the same 
equation as that in Eq. (43), but we need to supplement another 
equation to compute q0 and Q 0ðq0Þ:
_q0 ¼ ken 
_q
Q 00 þ ke
: ð59Þ
2038 C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049Then we can derive the following SOðnÞ scheme to solve the isotro- 
pic hardening problem in the plastic state:
bk ¼ kek
_qkk
Q 0ðqk0Þ
;
ck ¼ keQ k 
_qk
Q 20ðqk0Þ
;
xk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2k  c2k
q
;
nkþ1 ¼ cosðxkDtÞ  ck sinðxkDtÞxk
 
nk þ ke sinðxkDtÞQ 0ðqk0Þxk
_qk;
qkþ10 ¼ qk0 þ
kenkþ1  _qk
Q 00ðqk0Þ þ ke
;
Q kþ1 ¼ Q 0ðqkþ10 Þnkþ1: ð60Þ8. Yield surface preserving scheme for anisotrop ic elastic- 
perfectly plastic material model 
Instead of Eq. (17) we can consider an anisotropic elastic rela- 
tion between Q and qe by
_Q ¼ K _qe; ð61Þ
where K is an elastic modulus tensor.
We can derive 
_n ¼ KQ 
Q  KQ ;n;K _q
 
¼ K _q KQ 
Q  KQ 
KQ 
Q  KQ  K _q
 
n: ð62Þ
By inserting 
a ¼ K _qk; b ¼ KQ kQ k  KQ k
into Eqs. (51)–(53) and through some elementary operation s, we 
can derive the SOðnÞ scheme to preserv e the yield surface for the 
anisotro pic elastic- perfectly plastic mater ial model:
ak ¼ K _qk;
bk ¼ KQ kQ k  KQ k
;
ck ¼ ak  bk;
xk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kakk2kbkk2  c2k
q
;
ak11 ¼
1
xk
sinðxkDtÞ þ ckx2k
½cosðxkDtÞ  1;
ak12 ¼
kakk2
x2k
½1 cosðxkDtÞ;
ak21 ¼
kbkk2
x2k
½cosðxkDtÞ  1;
ak22 ¼
1
xk
sinðxkDtÞ þ ckx2k
½1 cosðxkDtÞ;
Q kþ1 ¼ Q k þ ½ak21ak  Q k þ ak22bk  Q kak  ½ak11ak  Q k þ ak12bk  Q kbk:
ð63Þ9. Numerical examples 
9.1. Perfect plasticity 
In order to assess the performance of the numerica l method in 
Section 6.3, we compute three numerical examples .Example 1. First we consider a strain control case with the strain 
components being q1 ¼ e0 cosðxtÞ and q2 ¼ e0 sinðxtÞ. Here we 
suppose that b ¼ kee0=Q0 > 1 and the initial stresses are on the 
yield surface with Q1 ¼ Q0 cos h0 and Q2 ¼ Q0 sin h0. As shown in 
Liu (2000b, 2003b) the responses of Q1 and Q2 have the following 
closed-for m solutions:
Q 1
Q0
¼ zþ b cos h0  1
bz
cosðxtÞ  _z
bxz
sinðxtÞ; ð64Þ
Q 2
Q0
¼ _z
bxz
cosðxtÞ þ zþ b cos h0  1
bz
sinðxtÞ; ð65Þ
where
zðtÞ ¼ 1þ b
2  b cos h0
m2
½coshðmxtÞ  1 þ b sin h0
m
 sinhðmxtÞ; ð66Þ
in which m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  1
q
.
From Eqs. (28) and (29) we can derive the following exponen- 
tial-based integration scheme (Hong and Liu, 2000 ) by using 
expðDtAkÞ ¼
In þ ak1k _qkk2 _qk _q
T
k
bk _qk
k _qkk
bk _qTk
k _qkk ak
2
4
3
5; ð67Þ
where
ak :¼ coshðkeDtk _qkk=Q 0Þ; bk :¼ sinhðkeDtk _qk=Q0Þ: ð68Þ
In this scheme we have approxim ated the strain path by many rec- 
tilinear paths with each _qk at the kth time step being supposed to be 
a constant vector. Dt is the time stepsize used in the numerica l inte- 
gration and the subscr ipt k in Ak signiﬁes the value of A being taken 
at the kth time step. Then by Eq. (30) through a projection in the 
stress space we can derive the following scheme (Hong and Liu,
2000):
Q kþ1
Q 0
¼
Q k þ ak1k _qkk2 _qk  Q k _qk þ
bkQ0
k _qkk
_qk
akQ 0 þ bk _qk Q kk _qkk
: ð69Þ
The consisten t tangent operator of the above stress updated scheme 
is derived in Appendix D.
In Fig. 1 we plot the response errors of Q1 and Q2 and the error 
of th e co nsi ste nc y co nd iti on , wh ic h is deﬁne d by jðQ21 þ Q22Þ1=2 Q0j,
in a time range of t 2 ½0;10. We ﬁx ke ¼ 200;000 MPa,
Q0 ¼ 200 MPa, e0 ¼ 0:002; x ¼ 1 and h0 ¼ 0, and the time stepsize 
used is Dt ¼ 0:001. From Fig. 1(c) we can observe that both 
the exponential -based scheme and the SOðnÞ scheme can retain the 
consisten cy condition very well. As shown in Fig. 1(a) and (b) the 
accuracy of SOðnÞ scheme is slightly better than that obtained by 
the exponenti al-based scheme.Example 2. Then we consider a strain control case with the strain 
components q1 and q2 being shown in Fig. 2(a). Fig. 2 illustrates the 
response to an input of a cyclic two-triangular path in two dimen- 
sions strain space ðq1; q2Þ, the ﬁrst cycle of which consists of six 
pieces from point 0 to point 6. The consecutive cycle repeats in 
the strain space the locus of the ﬁrst cycle. The results include 
the stress path in Fig. 2(b), and the hysteresis loops in Fig. 2(c)
and (d). In each ﬁgure we also mark the correspondi ng points from 
0 to 6, and the ﬁrst cycle is enhanced by plotting the red lines in 
each ﬁgure. The error of consisten cy condition calculated by the 
above numerical method is shown in Fig. 2(e). The SOðnÞ group-
preservin g scheme gives the error of the consistency condition in 
the order of 10 12.
(a)
(b)
(c)
Fig. 1. For perfect plasticity the responses to an input of a periodic strain path, showing the errors of (a) Q1, (b) Q2 and (c) consistency condition.
C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049 2039For the perfectly plastic model under a rectilinear strain path 
with a constant strain rate _q ¼ c, from Eq. (25) we can ﬁnd the 
ﬁxed point in the stress space by 
_Q ¼  ke
Q 20
Q TcQ þ kec ¼ 0; ð70Þ
from which we can solve Q to be the ﬁxed point (Hong and Liu,
1998) by 
Q ¼ Q0
c
kck : ð71Þ
A more detailed behavior analysis was given by Hong and Liu 
(1998). In Fig. 3(a) and (b) we plot the portraits of ðQ1; _Q1Þ andðQ2; _Q2Þ for the above example, where the six ﬁxed points are 
marked sequenti ally by the Arabic numbers from 1 to 6.Example 3. Fig. 4 displays an example for the model subjected to 
an input of a cyclic triangular path in two dimensions as shown in 
Fig. 4(a). The ﬁrst cycle consists of three pieces 1, 2, 3, the second 
cycle consisting of pieces 4, 5, 6 repeats in the strain space the 
locus of the ﬁrst cycle of pieces 1, 2 and 3, and so forth. The mate- 
rial constants used are ke ¼ 200;000 MPa and Q 0 ¼ 400 MPa. Only 
the responses of the ﬁrst two cycles are displayed because after 
that the responses were found to be almost repeated and stabi- 
lized. The results include the stress path in Fig. 4(b), and the hys- 
teresis loops in Fig. 4(c) and (d). The response graph of the stress 
(a) (b)
(d)(c)
(e)
Fig. 2. The responses to an input of a cyclic two-triangular strain path in (a), and (b) displaying its corresponding stress path, (c) the cyclic axial stress-axial strain curve, (d)
the cyclic shear stress–shear strain curve, and (e) error in satisfying the consistency condition for the numerical scheme.
2040 C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049path in Fig. 4(b) as can be seen is very different from the input 
graph of the strain path in Fig. 4(a). One of two main features is 
that the strain path is closed, but the corresponding stress 
response has an open path. It is obvious that the Lie-group 
SOðnÞ scheme gave very accurate responses and supplied a com- 
pletely faithful result of the consistency condition as shown in 
Fig. 4(e). In Fig. 3(c) and (d) we plot the portraits of ðQ1; _Q1Þ
and ðQ2; _Q2Þ for this example, where the three ﬁxed points are 
marked sequentially by the Arabic numbers 1,2 and 3. We can 
observe that both in Figs. 2(e) and 4(e) there appears a plateau 
of constant error of the consistency condition, where the plastic 
equation reaches to a ﬁxed point and the stresses are kept 
unchanged. From this point we can also observe that the Lie- 
group SOðnÞ scheme can preserve the ﬁxed point behavior very 
well.9.2. Isotropic hardening 
In order to assess the performanc e of the numerical method in 
Section 7, we employ a numerica l example with ke ¼ 200;000 MPa 
and
Q0ðq0Þ ¼ 250 50 exp ð5q0Þ:
First we consider a strain control case with the strain control com- 
ponents q1 and q2 shown in Fig. 5(a). Fig. 5 illustrates the response 
to an input of a cyclic two-trian gular path in two-dimen sional 
strain space ðq1; q2Þ. The results include the stress path in 
Fig. 5(b), the hysteresis loops in Fig. 5(c) and (d), as well as the error 
of consiste ncy conditio n calculate d by the above numerica l method 
in Fig. 5(e). The SOðnÞ group-preservi ng scheme gives the error of 
the consiste ncy condition in the order of 10 12.
(a) (b)
(d)(c)
Fig. 3. Showing the portraits for (a) and (b) of Example 2, and (c) and (d) Example 3.
C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049 2041Then, Fig. 6 displays an example for the isotropic hardenin g
model with ke ¼ 200;000 MPa and 
Q 0ðq0Þ ¼ 450 50 exp ð5q0Þ;
which is subjected to an input of a cyclic triangu lar path in two 
dimensio ns as shown in Fig. 6(a). The results include the stress path 
in Fig. 6(b), and the hysteresis loops in Fig. 6(c) and (d). The re- 
sponse graph of the stress path in Fig. 6(b) as can be seen is very dif- 
ferent from the input graph of the strain path in Fig. 6(a). It is 
obvious that the Lie-group SOðnÞ scheme can achieve a completely 
faithful result of the consisten cy conditio n as shown in Fig. 6(e).
9.3. Anisotropic elastic-perfec t plastic material 
In order to assess the performance of the numerical method in 
Section 8, we employ a numerical example with Q0 ¼ 200 MPa and 
K ¼ 200;000 50 ;000
50 ;000 100 ;000
 
MPa: ð72Þ
We consider a strain control case with the strain control compo- 
nents q1 and q2 as shown in Fig. 7(a). The stress path is shown in 
Fig. 7(b), the hysteresis loops are shown in Fig. 7(c) and (d), and 
the error of consistency condition is shown in Fig. 7(e). The 
group-pres erving scheme of SOðnÞ gives the error of the consiste ncy 
conditio n in the order of 10 12.
10. Anisotropic elastic-p erfectly plastic model with a speciﬁed
dissipation rate 
In the course of metal forming for the anisotropic elastic–plastic 
material, the work hardenin g usually leads to a cost consumptio n
by increasing the applied loading in order to produce a desired large strain deformat ion. To this end we propose the following 
model endowed with an anisotropy and without work hardening 
and deforming under a speciﬁed dissipation rate:
_q ¼ _qe þ _qp; ð73Þ
_Q ¼ K _qe; ð74Þ
Q _q0 ¼ Q 0 _qp; ð75Þ
kQk ¼ Q 0; ð76Þ
_q0 ¼ p > 0: ð77Þ
Here, K is an anisotro pic modulus, Q0 is a consta nt yield stress, and 
_q0 ¼ p is a speciﬁed consta nt or time-dep endent dissipatio n rate,
whose amount depends on the mechanical power we can supply.
From the above equations we can derive the ODEs for Q and q0:
_Q ¼ In  KQQ
T
Q  KQ
" #
K _q; ð78Þ
_q0 ¼ Q 0Q  K
_q
Q  KQ : ð79Þ
In order to satisfy Eq. (77) we can consider the controlled strain rate 
to be 
_q ¼ pQ  KQ
Q 30
K1Q ; ð80Þ
which is one kind of the state-fee dback control law for the input 
strain rate. Inserting it into Eq. (79) and using Eq. (76) we can derive 
_q0 ¼ pQ0Q  QQ  KQ
Q 30Q  KQ
¼ p > 0: ð81Þ
Inserting Eq. (80) into Eq. (78) we have 
(a) (b)
(d)(c)
(e)
Fig. 4. The responses to an input of a cyclic triangular strain path in (a), and (b) displaying its corresponding stress path, (c) the cyclic axial stress-axial strain curve, (d) the 
cyclic shear stress–shear strain curve, and (e) error in satisfying the consistency condition for the numerical scheme.
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Q 30
In  KQQ
T
Q  KQ
" #
Q ; ð82Þ
which can rearrange d to 
_Q ¼ pQ  KQ
Q 30
KQ 
Q  KQ ;Q ;Q
 
¼ Q  pKQ
Q 30
 pKQ
Q 30
 Q
" #
Q : ð83Þ
Thus the numerica l scheme in Section 8 can be applied to solve the 
above equation by taking 
ak ¼ Q k; bk ¼
pKQ k
Q 30
:
We can prove that the eigenvector Q of the modulus matrix K,
i.e.,
KQ ¼ kQ ; ð84Þ
is a ﬁxed point of the dynamic al system (82). Inserting the above 
equation into Eq. (82) we can derive 
_Q ¼ pQ  KQ
Q 30
In  KQQ
T
Q  KQ
" #
Q ¼ pQ  KQ
Q 30
Q  kQk
2
kkQk2
kQ
" #
¼ 0:
ð85ÞThus when the orbit of Q tends to the eigenvect or, we have _Q ¼ 0,
which means that the eigenvect or is a critical point of the dynami- 
cal system (82).
In order to display the above controlled responses we ﬁx
p ¼ 0:0005 and calculate the numerical solution in a time interval 
of 0 6 t 6 200 s with the initial condition s given by Q 1 ¼ Q0 and
Q2 ¼ 0, where Q0 ¼ 500 MPa and the matrix K is also given by 
Eq. (72). Fig. 8 illustrates the responses . The stress path is shown 
in Fig. 8(a), of which we can observe that the orbit tends to the 
ﬁxed point. The controlled strain path and the time histories of 
q1 and q2 are shown, respectively , in Fig. 8(b) and (c). The error 
of consistency condition calculated by the above numerical meth- 
od is shown in Fig. 8(d). The SOðnÞ group-pr eserving scheme leads 
to the error of the consistency condition in the order of 10 11.
11. Conclusion s
In this paper we have investigated the plastic equations from a
theoretical aspect of the generalized Hamiltonian formalism,
which highlights the stress yielding behavior as a coadjoint orbit 
on the symplectic foliation in the dual Lie algebra space. The yield 
function plays the role of a generalized Hamilton ian function 
in the Lie–Poisson bracket system. The physical meaning of this 
(a) (b)
(d)(c)
(e)
Fig. 5. For isotropic hardening plasticity the responses to an input of a cyclic two-triangular strain path in (a), and (b) displaying its corresponding stress path, (c) the cyclic 
axial stress-axial strain curve, (d) the cyclic shear stress–shear strain curve, and (e) error in satisfying the consistency condition for the numerical scheme.
C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049 2043formulation relies on the fact that the yielding behavior of materi- 
als is realized by the coadjoint orbit on the yield surface to preserve 
the generalized Hamiltonian (yield) function invariant.
The non-linear problems of plasticity were usually treated by 
workers in plasticity with various numerical schemes , which often 
encounter the tremendous difﬁculties of plastic non-linea rity and 
yielding inconsistenc y. The passage directly from the ﬂow models 
to a numerical scheme, if no care is taken of, may alter or destroy 
the underlying structure of the model, resulting in an unstable,
inefﬁcient, and inaccurate computation.
A numerica l scheme based on the representat ion in the Mink- 
owskian X-space has been shown to be efﬁcient, since the repre- 
sentation in the X-space is linear, and moreover, easy to retain 
the Lie group symmetry SOoðn;1Þ of the model, thus facilitating 
the fulﬁllment of the consistency condition. The extension s of X-
space representat ion in the canonical Minkowski space together 
with the Lorentz group symmetry to other plasticity models have 
also been conducte d in several papers. However, we need to stress 
that the Lorentz-group SOoðn;1Þ used in the above schemes is non- 
compact, which may enlarge the computational error due to the numerica l instability induced by a large time stepsize used in the 
algorithm. So in this paper we have developed the rotation group 
SOðnÞ algorithm based on the theoretical developmen t of the Lie–
Poisson formulat ion. In contrast, the Lie-group SOðnÞ is compact,
which is more stable than the Lorentz-group SOoðn;1Þ algorithm,
allowing a large-step computation, and the computational error 
will be not enlarged. One numerical example was used to demon- 
strate that the SOðnÞ scheme is accurate than the exponential -
based scheme derived from the Lorentz-group in the augment ed 
stress space. To test the four proposed models it can be seen that 
the Lie-group SOðnÞ algorithm is essentially and automatical ly pre- 
served the yield-surface. This study provided not only a deeper 
understa nding of the mathemati cal structure of the plastic equa- 
tion, but also a sound foundation of the numerica l solution for 
non-linea r problems of plasticity.
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Appendix A. The Jacobi identity 
In this appendix we describe the Jacobi identity in the Lie–Pois-
son bracket, which is used to prove the Lie–Poisson bracket formu- 
lation of the plastic equation.
Suppose that C : P# R is a non-constan t smooth function on P.
If fC; Fg ¼ 0 for all smooth function F : P# R, then C is a Casimir 
function on P.
When P is a ﬁnite-dimensional manifold with dimension n, the 
local coordinates of P can be assigned as x ¼ ðx1; . . . ; xnÞ, and the 
Poisson bracket on P can be written as 
fF;Gg :¼ Jij
@F
@xi
@G
@xj
; ðA1Þ
where JðxÞ ¼ JijðxÞ is a Poisson tensor.
Given an n n matrix function JðxÞ with components JijðxÞ de-
ﬁned on the open set P 	 Rn, the necessary and sufﬁcient condi- 
tions of JðxÞ to be a Poisson tensor are Jij ¼ Jji; i; j ¼ 1;2; . . . ;n ðA2Þ
Ji‘Jjk;‘ þ Jj‘Jki;‘ þ Jk‘Jij;‘ ¼ 0; i; j; k ¼ 1;2; . . . ;n; ðA3Þ
where Jjk;‘ denotes @Jjk=@x‘.
For all smooth function H : P# R deﬁned on P, the bundle map- 
ping B : TP# TP is denoted by BðdHðxÞÞ ¼ XHjx. TP and TP are,
respectivel y, the tangent and cotangent bundles on the Poisson 
manifold P. The rank of the Poisson bracket at a point x 2 P is de- 
ﬁned as the rank of the linear mapping Bjx : TxP# TxP. A point x
on the Poisson manifold P is called a regular point, if the ranks 
for all points in the neighborho od of x 2 P are the same; otherwise,
x is a singular point. The rank of B at x 2 P and the rank of Poisson 
tensor JðxÞ at point x are the same. Because of the skew-symmetr y
of JðxÞ, the rank is always even.
Suppose that the rank of the Poisson tensor JðxÞ at a
regular point x0 is nm; m > 0, then there exist m functiona lly 
independen t Casimir functions deﬁned in the neighborhood of 
the point x0.
Especiall y, when JijðxÞ is a linear function of x, the bracket (A1)
is called a Lie–Poisson bracket, and Eq. (5) is a Lie–Poisson bracket 
system, written as 
_x ¼ JðxÞ$HðxÞ; ðA4Þ
(a) (b)
(d)(c)
(e)
Fig. 7. For anisotropic elastic-perfect plasticity the responses to an input of a cyclic two-triangular strain path in (a), and (b) displaying its corresponding stress path, (c) the 
cyclic axial stress-axial strain curve, (d) the cyclic shear stress–shear strain curve, and (e) error in satisfying the consistency condition for the numerical scheme.
C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049 2045where the gradient operator $ denotes the derivativ e with respect 
to x. We usually write such a JijðxÞ to be 
Jij ¼ Ckij xk; ðA5Þ
where Ckij ¼ Ckji and at the same time the Jacobi identity (A3) takes
the form:
C‘ijC
r
‘k þ C‘jkCr‘i þ C‘kiCr‘j ¼ 0: ðA6Þ
It is known that for this case the underlying space can be given a Lie 
algebra structur e with the structur e constants Ckij in a suitable basis 
(Marsden and Ratiu, 1994 ).
Appendix B. The proof of Theorem 1
In this appendix we prove Theorem 1 in Section 4. The n vector
ﬁelds of Eq. (33) are
gj ¼ dijei 
Q iQj
Q20
ei; 1 6 j 6 n; ðB1Þwhere ei; i ¼ 1; . . . ; n are unit bases. The Lie bracket of ga and gb is
½ga; gb ¼
@gb
@Q
ga 
@ga
@Q
gb: ðB2Þ
From Eq. (B1) it follows that 
@gia
@Q j
¼ Q idaj
Q 20
 Qadij
Q 20
; ðB3Þ
where gia is the ith component of ga. By using the above equation we 
can prove that 
½ga; gb ¼
Qa
Q 20
gb 
Qb
Q 20
ga: ðB4Þ
Insertin g Eq. (B1) for g, the right-ha nd side can be further reduced 
to
Qa
Q20
gb 
Qb
Q 20
ga ¼
Qj
Q20
ðdjadib  djbdiaÞei: ðB5Þ
(a)
(c)
(d)
(b)
Fig. 8. For an anisotropically elastic–plastic model the responses of a controlled strain with constant yield stress and speciﬁed ﬁxed dissipation rate: (a) stress path, (b) strain 
path, (c) the time histories of axial and shear strains, and (d) error in satisfying the consistency condition.
2046 C.-S. Liu / International Journal of Solids and Structures 50 (2013) 2033–2049Let us consider the n-dimensi onal permutat ion symbo l ei1 i2 ...in ,
which is zero if any two indices of fi1; i2; . . . ; ing are equal, +1 if 
fi1; i2; . . . ; ing is an even permutation, and 1 if fi1; i2; . . . ; ing is an 
odd permutation. Recalling that 
ei1 i2 ...in2 ijei1 i2 ...in2ba ¼ djadib  djbdia; ðB6Þ
from Eqs. (B4) and (B5) we have 
½ga; gb ¼
1
Q 20
ei1 i2 ...in2abei1 i2 ...in2 ijQ jei: ðB7Þ
This motivate s us to consider the vector ﬁelds
wi1 i2 ...in2 :¼ ei1 i2 ...in2 ijQ jei: ðB8Þ
There are total nðn 1Þ=2 linearly indepen dent vector ﬁelds of w.
Thus, from Eqs. (B7) and (B8) it follows that 
½ga; gb ¼
1
Q 20
ei1 i2 ...in2abwi1 i2 ...in2 : ðB9Þ
From Eq. (B8) it follows that 
@wii1 i2 ...in2
@Qj
¼ ei1 i2 ...in2 ij; ðB10Þ
where wii1 i2 ...in2 is the ith component of wi1 i2 ...in2 . Hence, by Eqs. (B3),
(B10), (B1) and (B8) throug h some calculatio ns we can ﬁnd½wi1 i2 ...in2 ; ga ¼ ei1 i2 ...in2abgb; ðB11Þ
½wi1 i2 ...in2 ;wj1 j2 ...jn2  ¼ ej1 j2 ...jn2 imwmi1 i2 ...in2 ei  ei1 i2 ...in2 imwmj1 j2 ...jn2 ei: ðB12Þ
Therefor e, the n vector ﬁelds of Eq. (33) and the spin term w in
Eq. (B8) constitut e a ﬁnite-dimensional Lie algebra. This ends the 
proof. h
Appendi x C. The proof of Theorem 2
In this appendix we prove Theorem 2 in Section 5. We can prove 
that J deﬁned by Eq. (38) satisﬁes Eqs. (A2) and (A3). The ﬁrst con- 
dition of skew-symmetr y is obvious. Let us write 
Jij ¼ _qiQ j  Q i _qj;
Jij;‘ ¼ _qidj‘  di‘ _qj:
By using them we can prove that 
Ji‘Jjk;‘ þ Jj‘Jki;‘ þ Jk‘Jij;‘ ¼ ½ _qiQ ‘  Qi _q‘½ _qjdk‘  dj‘ _qk
þ ½ _qjQ ‘  Q j _q‘½ _qkdi‘  dk‘ _qi þ ½ _qkQ ‘
 Q k _q‘½ _qidj‘  di‘ _qj ¼ _qi _qjQk  _qi _qkQ j
 _qj _qkQ i þ _qj _qkQ i þ _qj _qkQ i  _qi _qjQ k
 _qi _qkQ j þ _qi _qkQ j þ _qi _qkQ j  _qj _qkQ i  _qi _qjQk
þ _qi _qjQk ¼ 0:
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function of Q , the bracket (A1) with the above J is a Lie–Poisson
bracket. Conseque ntly, the plastic Eq. (39) is a Lie–Poisson bracket 
system (A4).
As that presented in Eq. (A5), from Eq. (38) we can identify the 
structure constant s to be 
C1ij ¼
0  _q2  _q3     _qn
_q2
_q3
..
.
0
_qn
2
66666664
3
77777775
; ðC1Þ
C2ij ¼
0 _q1 0    0
 _q1 0  _q3     _qn
0 _q3
..
. ..
.
0
0 _qn
2
66666664
3
77777775
; ..
. ¼ ... ðC2Þ
Cnij ¼
_q1
0 _q2
..
.
_qn1
 _q1  _q2     _qn1 0
2
66666664
3
77777775
: ðC3Þ
Suppose that Q ¼ Qkek and that fek; k ¼ 1; . . . ; ng forms a basis of 
the dual Lie algebra G. The above structure constants can be used 
to construct a Lie algebra denoted by G:
½f i; f j ¼ Ckij fk; ðC4Þ
where ffk; k ¼ 1; . . . ;ng forms a basis of the Lie algebra G and ½;  is
the commutat or; see, e.g., Varad arajan, 1984 .
Next, we consider the adjoint representat ion of the Lie algebra 
G. For each f 2 G the operator ad f that maps g 2 G into ½f;g is a lin- 
ear transformation of G onto itself, i.e.,
ðadfÞg ¼ ½f;g: ðC5Þ
As supposed ffk; k ¼ 1; . . . ;ng are bases for the Lie algebra G, we 
have
ðadf iÞf j ¼ Ckij fk: ðC6Þ
Therefore the matrix associat ed with the transfor mation ad f i is
ðMiÞjk ¼ Cjik : ðC7Þ
Correspo nding to the structur e constants given in Eqs. (C1)–(C3),
the following Mi are availab le:
M1 ¼ Ci1j ¼
0  _q2  _q3     _qn
0 _q1 0    0
0 0 _q1    0
..
. ..
. ..
. ..
. ..
.
0 0 0    _q1
2
66666664
3
77777775
; ðC8Þ
M2 ¼ Ci2j ¼
_q2 0 0    0
 _q1 0  _q3     _qn
0 0 _q2    0
..
. ..
. ..
. ..
. ..
.
0 0 0    _q2
2
66666664
3
77777775
; ..
. ¼ ... ðC9ÞMn ¼ Cinj ¼
_qn 0 0    0
0 _qn 0    0
0 0 _qn    0
..
. ..
. ..
. ..
. ..
.
 _q1  _q2     _qn1 0
2
66666664
3
77777775
: ðC10Þ
In order to prove that the above fMk; k ¼ 1; . . . ;ng is indeed a ma- 
trix basis for the Lie algebra G and satisﬁes Eq. (C4), let us rewrite 
them to be 
Mi ¼ _qiIn þ
0 0 0    0
..
. ..
. ..
. ..
. ..
.
0 0 0    0
 _q1  _q2  _q3     _qn
0 0 0    0
..
. ..
. ..
. ..
. ..
.
0 0 0    0
2
6666666666664
3
7777777777775
 ith row ; ðC11Þ
Mj ¼ _qjIn þ
0 0 0    0
..
. ..
. ..
. ..
. ..
.
0 0 0    0
 _q1  _q2  _q3     _qn
0 0 0    0
..
. ..
. ..
. ..
. ..
.
0 0 0    0
2
6666666666664
3
7777777777775
 jth row : ðC12Þ
From them we obtain 
½Mi;Mj ¼MiMj MjMi ¼
0 0 0    0
..
. ..
. ..
. ..
. ..
.
0 0 0    0
_qj _q1 _qj _q2 _qj _q3    _qj _qn
0 0 0    0
..
. ..
. ..
. ..
. ..
.
 _qi _q1  _qi _q2  _qi _q3     _qi _qn
..
. ..
. ..
. ..
. ..
.
0 0 0    0
2
6666666666666666664
3
7777777777777777775
:
ðC13Þ
In above, ð _qj _q1; . . . ; _qj _qnÞ locates at the jth row, and ð _qi _q1; . . . ; _qi _qnÞ
locates at the ith row. On the other hand, from Eqs. (C1)–(C3) we
ﬁnd that the structur e constants Ckij are all zeros except for k ¼ i
or k ¼ j, of which we have Ciij ¼  _qj and Cjij ¼ _qi. Thus, we can obtain 
Ckij Mk ¼ Ciij Mi þ Cjij Mj ¼  _qjMi þ _qiMj: ðC14Þ
Insertin g Eqs. (C11) and (C12) for Mi and Mj into the above equation 
we can obtain the right-ha nd side of Eq. (C13), that is,
½Mi;Mj ¼ Ckij Mk: ðC15Þ
This ends the proof of Eq. (C4). Conseque ntly, fMk; k ¼ 1; . . . ;ng
forms a matrix basis for the Lie algebra G.
Let us consider the Lie group Gi generated from the matrix Mi:
_Gi ¼MiGi;Gið0Þ ¼ In; i not summed : ðC16Þ
Since the two matric es on the right-ha nd side of Eq. (C11) commute,
we can solve the above Gi as
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eqi ðtÞqi ð0Þ 0 0    0 0 0    0
0 eqi ðtÞqi ð0Þ 0    0 0 0    0
0 0 eqi ðtÞqi ð0Þ    0 0 0    0
0 0 0 ..
.
0 0 0 ..
.
0
v i1 v i2    v i;i1 1 v i;iþ1    v i;n1 v in
0 0 0    0 eqi ðtÞqi ð0Þ 0    0
0 0 0    0 0 eqi ðtÞqi ð0Þ 0 0
0 0 0 ..
.
0 0 0 ..
.
0
0 0 0    0 0 0    eqi ðtÞqi ð0Þ
2
666666666666666664
3
777777777777777775
;
ðC17Þ
where
v ijðtÞ ¼ 
Z t
0
_qjðnÞ exp½qiðnÞ  qið0Þdn: ðC18Þ
The above Gi is a dilational translation in the ith plane Qi ¼constant
denoted by DTiðn 1Þ. The right-action of DTiðn 1Þ on Rn1 is a
dilation followe d by a translation by the vector vi and has the 
expression:
Q Ti ðeqiðtÞqið0ÞIn1; viÞ ¼ eqiðtÞqið0Þ Q Ti þ vTi ðC19Þ
for any Q i ¼ ðQ1;Q2; . . . ;Qi1;Qiþ1; . . . ;Qn1;QnÞT 2 Rn1, where 
vi ¼ ðv i1;v i2; . . . ; v i;i1;v i;iþ1; . . . ; v i;n1;v inÞT 2 Rn1. Note that 
DTiðn 1Þ embeds into GLðn;RÞ as that done in Eq. (C17); thus 
one can operate with DTiðn 1Þ as one would with matrix Lie 
groups by using the embedd ing.
Correspondi ng to the Lie algebra G there exists a Lie group de- 
noted by G which is compose d of all DTiðn 1Þ, and the adjoint 
representat ion of the Lie group is denoted by Ad g;g 2 G:
Adg : G# G: ðC20Þ
G is foliated by the coadjoint orbits:
OQ ¼ fAdg1 Q jg 2 Gg 	 G; ðC21Þ
where the coadjoint action Ad g1 is deﬁned by 
hAdg1 w;vi ¼ hw;Adg1vi; w 2 G; v 2 G: ðC22Þ
Here < ;  > denotes a non-degene rate pairing between G and G.
For matrices the adjoint action and coadjoint action are,
respective ly,
Adg1v ¼ g1vg; ðC23Þ
Adg1v ¼ gv: ðC24Þ
Differen tiating the pair in Eq. (C22) with respect to g then letting g
equal to identit y, we obtain 
haduw;vi ¼ hw; aduvi; w 2 G; v 2 G; ðC25Þ
where u ¼ ðd=dtÞgðtÞjt¼0. ad  is the coadjoint represen tation of the 
Lie algebra G. Then we have 
adfi w ¼ JðwÞf i;w 2 G
: ðC26Þ
Therefore the matrix associat ed with the transfor mation ad f i is
ðMi Þjk ¼ Cijk : ðC27Þ
Since Cijk is a skew-sym metric matrix for each i, the corresp onding 
coadjoint action is found to be an n-dimensio nal rotation group, de- 
noted by SOðnÞ. This ends the proof. h
Appendix D. The consistent tangent operators of Eqs. (69) and 
(55)
(I) The tangent operator of Eq. (69).
First we note that exp ðDtAkÞ; ak and bk in Eqs. (67) and (68) can
be written as expðDtAkÞ ¼
In þ ðak1ÞkDqkk2 DqkDq
T
k
bkDqk
kDqkk
bkDq
T
k
kDqkk ak
2
4
3
5; ðD1Þ
ak ¼ coshðkekDqkk=Q 0Þ; bk :¼ sinhðkekDqk=Q0Þ; ðD2Þ
where
Dqk ¼ qkþ1  qk: ðD3Þ
Correspo ndingly, Eq. (69) can be written as 
Q kþ1 ¼
Q 0Q k þ Q 0 ak1kDqkk2 Dqk  Q kDqk þ
bkQ
2
0
kDqkkDqk
akQ 0 þ bk Dqk Q kkDqkk
: ðD4Þ
The tangent operator is given by 
T kþ1 ¼ @Q kþ1
@qkþ1
: ðD5Þ
By using 
@Dqk
@qkþ1
¼ In; @kDqkk
@qkþ1
¼ DqkkDqkk
;
@ak
@qkþ1
¼ kebk
Q 0
1
kDqkk
;
@bk
@qkþ1
¼ keak
Q 0
1
kDqkk
;
where 1 ¼ ð1; . . . ;1ÞT, we can derive 
T kþ1 ¼ 1v20
v0
@vk
@qkþ1
 vk @v0
@qkþ1
 T" #
; ðD6Þ
where
v0 ¼akQ0 þ bk
Dqk  Q k
kDqkk
; vk ¼ Q 0Q k þ Q 0
ak  1
kDqkk2
Dqk  Q kDqk
þ bkQ
2
0
kDqkk
Dqk;
@v0
@qkþ1
¼ kebk 1kDqkk
þ Dqk  Q kkDqkk
keak
Q0
1
kDqkk
þ bk kDqkk
2Q k  Dqk  Q kDqk
kDqkk3
;
@vk
@qkþ1
¼ Q0
ak  1
kDqkk2
Dqk  Q kIn
þ Q0
ak  1
kDqkk2
DqkQ
T
k  2Q 0
ak  1
kDqkk4
Dqk  Q kDqkDqTk
þ kebk
kDqkk3
Dqk  Q kDqk1T þ
bkQ
2
0
kDqkk
In þ keakQ0kDqkk2
Dqk1
T
 bkQ
2
0
kDqkk3
DqkDq
T
k : ðD7Þ
(II) The tangent operator of Eq. (55).
By using Eq. (D3), Eq. (55) can be written as 
Q kþ1 ¼ cos Wk 
Ck
Wk
sin Wk
 
Q k þ
ke sin Wk
Wk
Dqk; ðD8Þ
where
Bk ¼ kekDqkkQ 0
;
Ck ¼ ke
Q 20
Q k  Dqk;
Wk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2k  C2k
q
: ðD9Þ
Then through some elementary operation s we can derive the con- 
sistent tangent operator of Eq. (55):
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@qkþ1
¼ ke sin Wk
Wk
In
þ sin Wk  CkWk cos Wk þ
Ck sin Wk
W2k
" #
Q k
@Wk
@qkþ1
 T
 sin Wk
Wk
Q k
@Ck
@qkþ1
 T
þ ke½Wk cos Wk  sin Wk
W2k
Dqk
@Wk
@qkþ1
 T
; ðD10Þ
where
@Ck
@qkþ1
¼ ke
Q 20
Q k;
@Wk
@qkþ1
¼ keðBk  CkÞ
Q 20Wk
Dqk
kDqkk
 Q k
Q 0
 
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